Presented is the exact solution of the problem of finding a potential of an inflaton scalar field for which adiabatic perturbations generated during a de Sitter (inflationary) stage in the early Universe have the exactly flat (or, the Harrison-Zeldovich) initial spectrum. This solution lies outside the scope of the slow-roll approximation and higher-order corrections to it. The potential found depends on two arbitrary physical constants, one of those determines an amplitude of perturbations. For small (zero) values of the other constant, a long (infinite) inflationary stage with slow rolling of the inflaton field exists.
set of potentials producing the same perturbation spectrum. In particular, the problem of accuracy of the slow-roll approximation prediction for P 0 (k) (including higher order corrections) has been intensively and critically studied recently using different methods: [14] , [15] (the uniform approximation), [16] (the improved WKBapproximation) and others.
By an exact solution I mean a solution of the following system of equations for a spatiallyflat Friedmann-Robertson-Walker (FRW) background with a scale factor a(t) and scalar (adiabatic) perturbations described by the Mukhanov variable Q ≡ u/a:
obtained without any approximations. Here
dot means the derivative with respect to t, u k (η) exp(ikr) is the wave function of a Fourier mode of the quantum field u (the c-number multiplying the Fock annihilation operatorâ k ), and c =h = 1 is put throughout the paper. The variable Q [17] is equal to δφ L +φ H Φ in the longitudinal gauge (Φ is the quasi-Newtonian gravitational potential), or to δφ S −φ 6H (µ+λ) in the synchronous gauge (µ and λ are the Lifshits variables). The normalized initial condition for u k corresponding to the adiabatic vacuum at t → −∞ (η → −∞) is
At late times during an inflationary stage in the super-horizon regime (k ≪ aH, η → 0),
(ζ = −h/2 in the notation of [4] ). Then the initial spectrum of adiabatic perturbations for a post-inflationary cosmology in the super-horizon regime is (assuming the absence of non-diagonal pressure components):
Here t = 0 corresponds to the end of inflation. For historical reasons, the slope n S of the spectrum is defined with respect to density perturbations in the non-relativistic dark matter + baryon component at the present time, (δρ
. Finally, using the equationḢ = −4πGφ 2 that follows form Eqs. (2) and (3), Eq. (2) can be recast in the Hamilton-Jacobi form [18] :
where the prime denotes the derivative with respect to φ. Exact solutions of the inverse problem of reconstruction of V (φ) given P 0 (k) are known for the following two cases only, if not speaking about solutions describing universes collapsing towards a singularity. 1) A power-law perturbation spectrum with the slope n S = const < 1 [19] . Then
This is just the power-law inflation. Considered as a function of φ(t), H is related to V (φ) through Eq. (8) . Note, however, that this is not the only potential producing the n S = const < 1 spectrum.
2) The case when no perturbations are generated at all (no real created quanta of the inflaton field) [20] :
In literature, this case is sometimes incorrectly referred as the potential generating the n S = 3 perturbation spectrum. However, one should not forget that generated perturbations are quantum (even quantum-gravitational) and require renormalization. After subtraction of the vacuum energy ω(t)/2 = k/2a(t) of each mode, no created fluctuations remain in this case. Moreover, a number of real inflaton quanta generated in each perturbation mode k should be large, because in the opposite case they may not be interpreted as classical perturbations after the end of inflation (see [21] for a more detailed discussion of this point).
Strictly speaking, there is no exit from inflation for the potential (9) , and the potential (10) does not admit a low curvature regime at all. However, in the former case V (φ) can be deformed such that it reaches zero at a sufficiently large value of φ. This will result in a very small change of the perturbation spectrum at present scales of interest that may be safely neglected. Sometimes, the case of a parabolic potential near its maximum
is mentioned as an exactly soluble case. However, it is not such the one in our terminology since in this case H(φ) is approximated by the constant value H 0 = 8πGV 0 /3. In this paper, a family of exact solutions for the case n S = 1 is constructed. It is just the initial spectrum proposed by Harrison and Zeldovich [22] , after all, for beauty reasons. Note that it satisfies the most recent CMB data [23, 24] . Let us first consider what follows for this case from the slow-roll approximation. Then, the leading term in the power spectrum reads
where t k is the moment when k = aH. It is clear that, to get n S = 1,
Note that this solution of the reconstruction problem is unique for a given amplitude of the flat spectrum. This kind of inflation was dubbed intermediate inflation in [25] (see also [26] ). Its scale factor behaviour is a(t) ∝ exp const · t 2/3 . Once more, it does not have an exit from inflation, so it should be modified at large φ. A next order slow-roll correction to this potential was considered in [27] .
To obtain an exact solution for H(φ) and V (φ) in the case n S = 1, note first that, for
Eq. (3) reduces to the equation for a massless scalar field in the de Sitter background and has the solution
satisfying the initial condition (5). Let us write the general solution of Eq. (12) in the form
where A, η 0 are constants. The limiting case η 0 → 0, when the first term in brackets may be neglected, is not interesting because it corresponds to a collapsing universe (however, it is "dual" to the case η 0 → ∞ considered below). The power spectrum of the growing perturbation mode is P 0 (k) = 1/4π 2 B 2 and does not depend on η 0 (η 0 appears in the amplitude of the decaying mode only and makes it non-scale-free). Thus, we have got the exactly flat spectrum. Present observational CMB data [24] fix the quantity B with ≈ 10% accuracy: 1 2πB = 4.8 · 10
where A is the quantity introduced in [24] and τ is the optical length after recombination. In this notation, A = 0.9 corresponds to the value A = 4.3 · 10 −4 of the other quantity A introduced in [28] to characterize an amplitude of initial perturbations (and conjectured to lie in the range (3 − 10) · 10 −4 in that paper). Since the aim of this paper is to find some exact solution, I will not investigate if there exist other forms of z leading to the n S = 1 spectrum, too. The absence of other solutions for z would immediately follow from scaling arguments if we assume that u k ∝ k −1/2 f (kη) for all η. However, the latter assumption might not be necessary. Moreover, I will consider only one particular case of Eq. (14) corresponding to the limit η 0 → ∞.
So, let z = −B/η. Let us express all quantities of interest as functions of φ:
Equating the last line in Eq. (16) to −B/η, we get the following equation:
After differentiation, Eq. (17) reduces to P = −B(HP
Let us introduce dimensionless variables
Then, from (8), v = y 2 − (1/3)(dy/dx) 2 . For these variables, Eq. (18) reads:
After dividing by y 2 , the last equation can be integrated to dy/dx = xy − 1 (an integration constant is excluded by shifting x, i.e., φ). Therefore,
where C is another integration constant. This just yields us a one-parameter family of solutions having n S = 1. The so-called slow-roll parameters for this solution:
The partial solution with C = 0 has an infinite inflationary stage which is just described by the slow-roll approximation for x ≫ 1. Its graph is plotted in Fig.1 . Its large-x expansion is y = 1
It is straightforward to check that it leads to n S = 1 (as it should be) for the first [8] and second [9] order corrections to the slow-roll approximation. However, these corrections miss the whole 1-parametric family with C = 0 completely. For x < 0, the solution with C = 0 has rather peculiar behaviour: the potential v(x) reaches the maximum value v max ≈ 7.252 at x ≈ −1.326, becomes zero at x ≈ −1.618 and then going to −∞ at x → −∞ (however, such effective potentials are considered in string inspired models now). In the latter limit, y → ∞, so we get an initial curvature singularity at a finite proper time t 0 < 0. If t = 0 is the moment when x = 0 (v(0) = 2 (x − x 1 ) 2 around this point. It results in oscillations in φ and the matter-dominated post-inflationary stage a(t) ∝ t 2/3 . Finally, note that the spectrum of gravitational waves (GW) is not flat for this model: for 1 ≪ x ≪ x 1 , the tensor-scalar ratio and the slope of the GW initial power spectrum r = −8n T = 16/x 2 = 8/N where N is the number of e-folds from the beginning of inflation. The present upper observational bound r < 0.36 [29] requires N > 22 for the comoving scale crossing the Hubble radius at present. So, N tot should exceed ∼ 70 in this model.
